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Abstract

“When a measure becomes a target, it ceases to be a good measure”, this adage is known
as Goodhart’s law. In this paper, we investigate formally this law and prove that it critically
depends on the tail distribution of the discrepancy between the true goal and the measure that
is optimized. Discrepancies with long-tail distributions favor a Goodhart’s law, that is, the
optimization of the measure can have a counter-productive effect on the goal.

We provide a formal setting to assess Goodhart’s law by studying the asymptotic behavior
of the correlation between the goal and the measure, as the measure is optimized. Moreover,
we introduce a distinction between a weak Goodhart’s law, when over-optimizing the metric
is useless for the true goal, and a strong Goodhart’s law, when over-optimizing the metric is
harmful for the true goal. A distinction which we prove to depend on the tail distribution.

We stress the implications of this result to large-scale decision making and policies that are
(and have to be) based on metrics, and propose numerous research directions to better assess
the safety of such policies in general, and to the particularly concerning case where these policies
are automated with algorithms.

1 Introduction

“When a measure becomes a target, it ceases to be a good measure”. This quote by anthropologist
Marilyn Strathern [Str97] is probably the most commonly known rephrasing of Goodhart’s law,
which originally stated that “any observed statistical regularity will tend to collapse once pressure
is placed upon it for control purposes” [Goo7h]. This principle is critical in numerous areas where
metrics are used as proxies for evaluation and decision making, from economics to management,
public policy, peer-reviewing of scientific papers and grants, education, standard tests for school
admission, content recommendation on social networks and the list could be as long and interdis-
ciplinary as one could think of metrics-based decisions. Variants of this adage could also be found
in popular wisdom and proverbs around the world, often describing situations where doing good
according to some perceived form of the intention, leads to harm according to the real intention.

*Part of this work was done while the author was also at Google


Claim 33 [elmhamdi_goodhart_2024]: Goodhart's law is formally proven to be especially harmful under long-tail risk distributions — when the discrepancy between metric and true goal has a power-law tail, over-optimizing the metric becomes actively harmful to the goal, a result with direct implications for safety benchmarks in mental health where crisis events are rare but catastrophic.

The paper's central theorem formalizes the well-known adage: 'when a measure becomes a target, it ceases to be a good measure' — providing mathematical proof rather than just intuition.
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The paper's central theorem formalizes the well-known adage: 'when a measure becomes a target, it ceases to be a good measure' — providing mathematical proof rather than just intuition.

Claim 33 [elmhamdi_goodhart_2024]: Goodhart's law is formally proven to be especially harmful under long-tail risk distributions — when the discrepancy between metric and true goal has a power-law tail, over-optimizing the metric becomes actively harmful to the goal, a result with direct implications for safety benchmarks in mental health where crisis events are rare but catastrophic.

The key formal result: Goodhart's law critically depends on tail distributions — long-tail discrepancies between metric and true goal favor Goodhart effects, making them especially dangerous in rare-but-severe domains like mental health crises.

Claim 33 [elmhamdi_goodhart_2024]: Goodhart's law is formally proven to be especially harmful under long-tail risk distributions — when the discrepancy between metric and true goal has a power-law tail, over-optimizing the metric becomes actively harmful to the goal, a result with direct implications for safety benchmarks in mental health where crisis events are rare but catastrophic.

Optimization of the metric can have a 'counter-productive effect on the goal' — not just useless, but actively harmful. Safety benchmark optimization can degrade actual safety under these conditions.

Claim 33 [elmhamdi_goodhart_2024]: Goodhart's law is formally proven to be especially harmful under long-tail risk distributions — when the discrepancy between metric and true goal has a power-law tail, over-optimizing the metric becomes actively harmful to the goal, a result with direct implications for safety benchmarks in mental health where crisis events are rare but catastrophic.

The paper formalizes two regimes: weak Goodhart (over-optimizing the metric is merely useless) and strong Goodhart (over-optimizing actively harms the true goal) — safety benchmarks under long-tail risk sit firmly in the strong regime.

Claim 33 [elmhamdi_goodhart_2024]: Goodhart's law is formally proven to be especially harmful under long-tail risk distributions — when the discrepancy between metric and true goal has a power-law tail, over-optimizing the metric becomes actively harmful to the goal, a result with direct implications for safety benchmarks in mental health where crisis events are rare but catastrophic.

Weak Goodhart: metric optimization becomes useless for the true goal. Strong Goodhart: it becomes harmful. The distinction matters clinically — a useless safety benchmark is bad; a harmful one is dangerous.


Goodhart’s law turns out to be critical for statistical learning as well. Indeed, overﬁttinﬂ
can be regarded as an instance of Goodhart’s law, as well as numerous metrics like accuracy in
standard machine learning evaluations. This problem has long been considered settled by the
VC-theory [HTF09, [SSBD14]. However, recently, empirical results question the relevancy of this
theory |ZBHT17, BHMMTI9, NKB™ 19|, especially as deep neural networks achieve state-of-the-art
generalization despite over-parameterization and interpolation of the training data.

Moreover, there is a growing interest in the alignment problem [NGAT18, Rus19, [HMHIO,
HEMT19], that is, assigning to decision making agents an objective function that really captures what
we desire to optimize. But our preferences are usually too vague and complex to be formalized. We
often replace them by proxies, which are mostly correlated with what we desire. But Goodhart’s
law argues that optimizing these proxies might actually cause harm.

To better understand the risk of counter-productive optimization of an approximate measure,
we analyze Goodhart’s law in a very basic model, where M = G + £. In other words, the measure
M that we maximize deviates from the “true” goal G by some (small) discrepancy £. Assume we
maximize M, what values of G do we then obtain? Do we still have a positive correlation between
M and G among top values of M?

In this paper, we show that this strongly depends on the tail distribution of the discrepancy
&, in the case where £ and G are independent. In essence, we show that for normally distributed
discrepancies, we only have a very weak Goodhart’s law. While the correlation goes to zero, it does
so extremely slowly. However, for distribution with subexponential tail distribution, Goodhart’s
law may become strong. In fact, if the discrepancy has a power law distribution thicker than that
of the goal, then we obtain a strong Goodhart’s law: there is a negative correlation between M and
G among top values of M. Or put differently, maximizing M then becomes harmful to the goal G.

Worryingly, we also show that the maximization of M can be infinitely harmful to the goal
(G, assuming that the tail distribution of the discrepancy & can depend on the value of the goal
G. Intuitively, as M is over-optimized, G will take values that maximize the thickness of the tail
distribution of £. If this tail is thickest for infinitely negative values of G, over-optimizating M
leads to infinitely negative values of G.

Perhaps most importantly, our results suggest that the strong Goodhart’s law may apply to
essentially any algorithm (even without machine learning!) deployed in complex environments
that are modified by the algorithm. In particular, we provide a very simplified simulation of an
interaction between a user and an algorithm, where the recommendations of the algorithm affect
the user’s preferences. We show that, even in this very basic setting, a strong Goodhart’s law can
manifest itself. Thereby, we highlight a major flaw in the testing of algorithms on fixed datasets.
Arguably, such tests are very insufficient, as they are blind to nonlinear dynamics that may expose
algorithms to the strong Goodhart’s law once deployed.

Back to the historic roots of Goodhart’s law, we finally argue that our results are relevant in
any context where a metric is used as a proxy for a more complex goal, be it in public policy,
education or as initially formulated, in economics.

Related works

Goodhart’s law. Goodhart’s law was introduced in [Goo75], but it is closely related to Lucas’

LOverfitting refers to situations where a model is excessively fitting the data used to train it, to the point where it
becomes counterproductive and leads to no being able to reproduce its performance on data not used during training.


Claim 33 [elmhamdi_goodhart_2024]: Goodhart's law is formally proven to be especially harmful under long-tail risk distributions — when the discrepancy between metric and true goal has a power-law tail, over-optimizing the metric becomes actively harmful to the goal, a result with direct implications for safety benchmarks in mental health where crisis events are rare but catastrophic.

When the discrepancy has a power-law distribution thicker than the goal: 'maximizing M then becomes harmful to the goal G' — safety benchmark optimization under these conditions produces models that score better but are actually less safe.

Claim 33 [elmhamdi_goodhart_2024]: Goodhart's law is formally proven to be especially harmful under long-tail risk distributions — when the discrepancy between metric and true goal has a power-law tail, over-optimizing the metric becomes actively harmful to the goal, a result with direct implications for safety benchmarks in mental health where crisis events are rare but catastrophic.

Worst-case result: 'maximization of M can be infinitely harmful to the goal' — a formally proven catastrophic failure mode, relevant when mental health safety is the true goal and refusal-rate benchmarks are the proxy.


concurrent critique of macroeconomic models [LJ76] (see [CMMO03]). It is also often regarded as
a variant of Campbell’s law [Cam79]. Recently, it was further analyzed by [MGI18] and [DG19],
who seeked to distinguish different possible root causes of Goodhart’s law. However, to the best
of our knowledge, our present work is the first to establish mathematically a direct link between
Goodhart’s law and the tail distribution of the difference between the measure and the goal.

Overfitting. Our approach provides a new analysis of the otherwise widely studied problem
of overfitting. Interestingly, classical statistical learning [HTF09, [SSBD14] has been argued to fall
short of explaining the behavior of modern machine learning. While classical statistical learning
argued that one should avoid invoking complex models to fit limited datasets, today’s deep neural
networks [ZBH™17, BHMMI9, INKB'19], kernel methods [BMMIK, BRTT9], but also ridgeless
(random feature) linear regression [MVSI19, BLLT19, MM19, HMRT19, BHX19] and even ensembles
[BHMM19], usually achieve their best performances by massive overparameterization and perfect
data fitting (called interpolation).

Intriguingly, many machine learning algorithms feature so-called double descent [BHMMI9,
NKB™19|. This phenomenon is captured by a curve where, as training loss decreases, out-of-sample
loss roller-coasters, by first decreasing, then increasing and then decreasing again. This phenomenon
is not predicted by classical statistical learning. As argued by [ZBH"17|, “understanding deep
learning requires rethinking generalization”, that is, the capacity of a model that fits training data
to generalize to out-of-sample data.

While the discussions of our paper also fall short from an explanation of overfitting, we hope to
lay some groundwork towards a novel approach to analyze, understand and foresee the potential
counter-productive over-optimization of sample loss.

Alignment. It has been argued that, as machine learning algorithms are being deployed on
massive scales, it has become urgent to make sure that what they optimize reflects adequately
what we would want them to optimize. This is called the alignment problem [NGAT18, [FBST18,
HEM19, Rus19, HMH19|. Typically, algorithms should not be blind to the side effects caused by
their deployment |[AOS™16].

One large-scale example of alignment problems is that of recommender systems of large internet
platforms such as Facebook, YouTube EL Twitter, TikTok, Netflix and the alike. So far, these
platforms mostly optimize for click-through rate, watch-time or similar measures often under the
umbrella of “user engagement” [CGM™ 14l [CPCI8, ICGH"14]. Such a measure might have seemed
to be correlated with how we would want these systems to behave. But by over-optimizing it,
click-through rate maximizers have been argued to cause numerous undesirable side effects, like
promoting misinformation [AIIT9], polarization [ROW™19] and anger [BM12]. Theoretical work
also suggests the emergence of unforeseen and perhaps undesirable features [TSST21]. This is
arguably no longer what the algorithm designers would want their algorithms to do.

Interestingly, the impact of the deployment of influential algorithms has been studied in a very
different field, namely finance. In fact, it is well-known that any market decision changes the
market, which is known as market impact [ATHLO5]. Unfortunately, it was suggested that such
deployments are often accompanied with unstable long-tail distributed fluctuations [TFG12]. Such
distributions, which we shall argue to be a major concern in terms of (strong) Goodhart’s law, are

2This paper was stalled, when one of the authors worked at Google, because of this very mention of YouTube.
Some of the main reviewers handling “sensitive topics” at Google were ok with this paragraph and the rest of the
paper, as long as it mentioned other platforms but not YouTube, even if the problem is exactly the same and is of
obvious public interest.



argued to be ubiquitous, in natural language processing [Zip49], scale-free networks [DMS00] and
economics [BHS10]. This suggests that the alignment problem may be significantly harder than
expected.

Structure of the paper

The rest of the paper is organized as follows. Section |2 introduces our model, outlines our analysis
and then informally presents our key findings. Section [3] then provides our formalization of Good-
hart’s law and details our results. Once our formalism is set, the proofs are mostly consisting in
direct derivations and are given in the Appendix, while useful qualitative analysis of the theorems
or their proofs are kept in the main paper. Section[dexplores the consequences of our results on the
alignment problem, and provides an example to highlight their applicability in practical scenarios,
such as content recommendation. Section [5| provides additional remarks and avenues for future
research. Section [6] then concludes.

2 Model

Consider a large set € of proposals. These can be research papers, strategic plans or weights of a
neural network. For any w € 2, we assume that there is a “true” score G(w). The true goal is thus
to maximize G(w) over w € ). However the G function may be unusable. Perhaps it is too long
to compute, or to describe in a Turing machine, in particular in human understandable language.
Perhaps it is also unknown.

As an example, it is arguably extremely challenging to formalise quantitatively what “being a
good scientist” is. In practice, too often, instead of optimizing for this goal G, we resort to proxy
measures such as “impact of scientific work”, which in turn require even more proxies M such as
“number of citations” or other controversial indexes and rankings.

As another example, consider the “true” objective function of a supervised learning problem.
The problem is then typically to learn the parameters w € Q of a statistical model (e.g. the
parameters of a linear regression or the weights of a neural network) so as to maximize accuracy
on out-of-sample data. This will usually be of the form G(w) = E,p[—L(z,w)], where x is the
data drawn from an unknown distribution D and L is a data-dependent loss functionlﬂ Instead, in
practice, we then turn to measures M that approximate G. Typically, in the supervised learning
example, we may replace D by some sample S, which is usually known as the training set. Then,
our measure of the performance of the model of parameters w € 2 is Mg(w) = —‘—39,' Y ozes L(x,w).

In such a case, we are very likely going to construct a measure M that is correlated with
the goal G. The natural way to formalize this correlation is by first introducing a probability
distribution  over Q. In the case of supervised learning, this would correspond to considering
random machine learning models, and to determine whether, for such random models, M and G are
correlated. Note, however, that the probability distribution over models can be quite sophisticated,
e.g. neural networks obtained by random initialization then optimized after some 100,000 iterations
of stochastic gradient descent.

Given the probability distribution Q, we can define expectations such as E[M] = E ol M (w)],

w—
as well as the correlation between G and M by p = Cov(M,G)/\/Var(M)Var(G).

3Typically, if f. is the function computed by a statistical model of parameters w, and if (z,y) is a feature-label
pair, then we may define £((x,y),w) = (fu(z) — y)>.



Let £(w) = M (w) — G(w) be the discrepancy between the measure and the goal. In the sequel,
for simplicity, we shall make the assumption that this discrepancy £ is independent from the goal
G (except in Section where we study a worst-case scenario). Denoting €2 = Var(§)/Var(G)

the noise-to-signal ratio, we can then write p = 1152'

In particular, the correlation goes to 1 as the noise-to-signal ratio e = \/p~2 — 1 goes to zero.
In such a case, the measure M seems to be a good proxy of the goal G.

2.1 When the measure becomes a target

The trouble though occurs when M becomes a target. In particular, when this is done, because of
selection bias, there is now a focus on the choices of w for which M is large. In particular, if most
options are discarded except for, e.g. the top a = 1% values of M, then the correlation between M
and G within this biased sample may no longer be large. In particular, if this correlation becomes
zero or negative, then the measure M ceases to be a good measure.

To formalize, let m, be the top « quantile for M, i.e. such thatE| PM > my] = a. As a
shorthand, whenever some probability, expectation, variance or covariance is conditioned on M >
me, we shall use an « subscript, i.e. we write Py [E] = P[E|M > m,] and E,[X]| = E[X|M > m,].

We denote by p, the correlation between M and G for the top a quantile for M, i.e.

Do = Cova (G, M)
T Vara(G)Ware(M)

In this paper, we analyze Goodhart’s law by focusing on how p, behaves as a — 0. Evidently
this depends on the distribution of G and £. But as we shall see, for reasonable distributions of G
and &, the correlation p, can be near-zero (which we call weak Goodhart) or negative (which we
call strong Goodhart). We even show that, as a — 0, the expected value of the goal can become
infinitely negative (which we call infinite Goodhart).

In fact, the behavior of p, greatly depends on the tail distributions of G and &. In particular,
how do the functions P[G > g¢] and P[¢ > z] behave as g and x get larger?

2.2 Key finding

The key takeaway of this paper is that Goodhart’s law strongly depends on the large deviation
behavior of the discrepancy & between the measure M and the goal G. In particular, we show that
we only have a very weak version of Goodhart’s law (the correlation goes to zero very slowly as the
proxy measure is maximized) when & follows a normal distribution.

However, for thicker tail distribution of the discrepancy, if a@ =~ &, then Goodhart’s law can
apply. In fact, especially if the discrepancy follows a power law distribution, the measure M can
become negatively correlated to G. In such cases, it may become critical to stop maximizing M,
as over-optimizing M would then be detrimental to G.

Yet recall that e = /p~2 — 1. This thus suggests that it can be counter-productive to select
a fraction of top candidates smaller than o = y/p~2 — 1. Disturbingly, if p = 0.9, then a =~ 49%,
meaning that we should not be more selective than merely picking up the top 49%. Even with
p = 0.99, we should not have a < 14%. And to safely select the top a = 1%, we need a correlation
between the goal and the metric that is as large as p = 0.99995.

4For simplicity, we only consider distributions with probability density functions.



In this paper, we also show the possibility of a catastrophic worst-case Goodhart effect. More
precisely, we present a setting where over-optimizing the measure M can be infinitely harmful to
the goal, i.e. Eo[G] — —o0, even though the mean of the discrepancy is zero and its variance is &2
for any value of the goal G. The key feature of this setting is that the long-tailness of ¢ is different
for different values of G (in particular, here, G and ¢ are no longer assumed to be independent).

Perhaps even more importantly, Goodhart’s law has strong implications for the safety of large-
scale algorithms capable of modifying their environments, such as recommendation systems de-
ployed on social networks that can create addictive | behaviors [TBBI8b, HS17, MICT16, ESM*18]
on potentially billions of users on which they are deployed. Indeed, in such a case, feedback loops
between the algorithm and its environment might cause |§| heavy tails [CZT™12, [GLMEQ9] for the
discrepancy between testing and deployment performances. If so, the over-optimization of testing
metrics might turn out to select dangerously sub-optimal algorithms.

3 Formal results

3.1 Bounded goal, exponential discrepancy

We start with the easiest case, namely when the goal G is uniform on [0, 1], and when & follows
some exponential distribution of parameter A. In other words, in this subsection, we assume
that the probability density functions of G and ¢ are given by p©(g) = 1 for g € [0,1], and
p&(z) = Ae ™. Given that Var(G) = 1, to guarantee a signal-to-noise ratio equal to &, we must
then have A = 1/ev/12.

Recall the memoryless property of the exponential distribution. In particular, it implies that
E[¢|€ > ] = @ + E[¢] = = + 1/A. This memoryless property is why, as we overoptimize over M,
nothing changes. More precisely, after some threshold for «, the correlation between G and M
becomes zero, and the expected value of GG given that we are within the top « values of M is
constant. This constant can be as low as 1/2 for very large discrepancy €. And it remains of the
order 1 — O(e) for small discrepancy € — 0. All of this is formalized by the following theorem.

Theorem 1. If G is uniform on [0,1] and & follows an exponential distribution such that the noise-
to-signal ratio is €, then for 0 < a < ev/12(1 — e_l/em), we have po = 0 and Eo[G] = %%
As e — 0, we have Eo[G] = 1 — eV/12 + O(e?).

Proof. The proof of this result is derived in Appendix [B] O

Figure (1] depicts the expected value of the goal G given the measure M. As we can see, the
optimization of M initially yields improvement of G. But at some point, even though M keeps
increasing, G stops to do so. The correlation between M and G is then nil. The measure literally
ceases to be a good measure, it does not, however harm (decrease) the goal to keep optimizing M.
This is what we call a weak Goodhart situation.

"We define an addictive use of a social media following [TBBI8al] as “a state in which the individual is overly
concerned about social media activities, driven by an uncontrollable motivation to perform the behavior, and devotes
so much time and effort to it, so that it interferes with other important life areas”.

5We illustrate this in Section through a simple model.


Claim 33 [elmhamdi_goodhart_2024]: Goodhart's law is formally proven to be especially harmful under long-tail risk distributions — when the discrepancy between metric and true goal has a power-law tail, over-optimizing the metric becomes actively harmful to the goal, a result with direct implications for safety benchmarks in mental health where crisis events are rare but catastrophic.

Deployed algorithms that modify their environment (as LLMs do through emotional dependency) face distributional shift — 'over-optimization of testing metrics might turn out to select dangerously sub-optimal algorithms.'

Claim 33 [elmhamdi_goodhart_2024]: Goodhart's law is formally proven to be especially harmful under long-tail risk distributions — when the discrepancy between metric and true goal has a power-law tail, over-optimizing the metric becomes actively harmful to the goal, a result with direct implications for safety benchmarks in mental health where crisis events are rare but catastrophic.

The paper's primary motivating application is recommendation systems creating addictive feedback loops — precisely the dynamic documented in LLM mental health deployments, where emotional engagement metrics drive the same pathological optimization.
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Figure 1: As « decreases, the measure threshold m, increases. At some point, the expected goal
E.[G] reaches a plateaus. The figure depictes expected goal as a function of the measure threhold
(on the left) and as a function of logy(1/a) (on the right). The parameters were set at e = 1/256.

3.2 Normal distributions

In this subsection, we assume that G and £ follow normal distributions. Without loss of generality,
we assume G+ N(0,1) and & < N(0,£2). As a result, we know that M < N(0,1+ 2). We shall
denote 7 = 6.283... the ratio of the perimeter of a circle to its radius.

The main result here is a very weak Goodhart’s law. Namely, correlation goes to zero. But it
does so extremely slowly.

Theorem 2. If G and ¢ follow normal distributions, then
1
Pa ™~ 1 1 .
6\/2111& —Ilnln_5 —In7

In particular, po, — 0 as a — 0.

Proof. Like for the other theorems to follow, the proof of this result is slightly technical and long. It
involves deriving numerous asymptotic approximations of integrals. See Appendix|[C|for details. [

In particular, we are essentially fine (we have a positive correlation between G and M on the
top « quantile for M) so long as, roughly, o > exp (—ﬁ) In such a situation, Goodhart’s law
does not hold.

3.3 Bounded goal, power law discrepancy

We now consider the case where G is uniform, but where £ is a power law distribution of parameters
(8,m) with 5 > 3 (the cases § < 3 do not yield finite correlations because of infinite variance). For
technical reasons, we shall also assume 3 # 4. More precisely, we write p¢(x) = (8 — 1)n®~tz=5 for
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Figure 2: As « decreases, the measure threshold m,, increases. The expected goal E,[G] increases
steadily. The figure depicts expected goal as a function of the measure threshold (on the left) and
as a function of log,(1/c) (on the right). The parameters were set at £ = 1/256.

x > n. This ensures that fnoo p¢ = 1. The variance of ¢ is then computed by

Var(§) = /noo o2p (x)dx — </noo xpf(g;)dx>2

(B—22(8—3)""

which means that, for n = (8 — 2)4/ %5\/ 12, we achieve a noise-to-signal ratio equal to €.

Theorem 3. If G is uniform on [0,1] and £ follows a power law distribution of decay power [ > 3,

1
abB-1
then Pa ™~ —m
Proof. See Appendix O

In particular, this theorem says that for small values of «, we have a strong Goodhart’s law as
long as « is small, and at least of the order of e#~1. In fact the following theorem adds the fact
that this strong Goodhart’s law holds for o between roughly ¢ and ¢”~'. In particular, here, we

consider the case where a = %5 for asymptotically small values of e.

Theorem 4. Suppose that the threshold a(e) is chosen such that mgyey = 1+n = 1+(5—2) %5.
Then, as € — 0, we have

16—1 8—3 1
o~ 6_35, andpa—>max{— 2(B—2)’_,8—2}'

Proof. See Appendix O
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Figure 4: Consider a uniform goal and a power law noise. Initially near 1, the correlation between
M and G decreases when « decreases, as a function of the measure threshold m, (on the left) and
of logy(1/c) (on the right). It even becomes negative, before reaching zero eventually. The plot
depicts the case where ¢ = 1/256 and § = 3.5.

Why does the correlation become negative? An intuitive explanation behind this phenomenon
lies in a well-known property of power law distributions. The expected value of a power-law
noise £ given that £ is at least x is proportional to x. More precisely, in our case, we have
E[¢|€ > z] = %a} =z+ ﬁ In other words, given a noise at least x, we expect it to be about
ﬁ larger than x. Now, given M > m, for a large value of m, then we know that the noise is at
least £ > m — G. Assuming in addition G = g and m — g > 7, then the expected value of the noise

m

isEEIE>m—gl=m—g+ ﬁ. Thus, for m > n+ 1, the expected value of the measure M given



M >m and G = g is then

IE[M|MZm/\G:g]:m+Tg 2g (2)
This is a decreasing function of g, which explains why, for larger values of G, M is expected to take
smaller values. This explains why G and M can become negatively correlated.

It is noteworthy that the correlation among top candidates can get as bad as —1/2 for § =~ 4,
for very small discrepancy £, assuming a roughly equally selective filtering process of candidates
w € () based on M.

We illustrate the behavior of the correlation and the goal, depending on the quantile « or on the
measure threshold m. Figure [3] features the expected value of G given M > m,. As can be seen,
optimizing over M is initially productive to achieve larger values of G. However, over-optimization
over M then becomes counter-productive for G. In fact, we eventually obtain the same expected
value as in the case with no optimization over M.

Figure [4] displays the results when the correlation is drawn as a function of the threshold m. As
the threshold increases, the correlation decreases below 0, until eventually increasing towards 0. As
« approaches 0, we see the same phenomenon. The correlation plummets below 0, and eventually
goes to 0, as the expected value of the goal converges to the no-optimization case.

3.4 Power law goal, power law discrepancy

Now consider that the goal and the discrepancy follow power law distributions. We assume that
the goal G has a probability density function p©[g] = (y — 1)g~" for g > 1. We consider the same
probability density function for &, that is, p*(z) = (8 — 1)p® 128 for x > n.

Note that we now have E[G] = %, E|G] = % and Var(G) = % For the noise-to-
signal ratio to equal €, we need to have n = g—:g %6. As earlier, we assume g > 3 and
v > 3.

Theorem 5. Suppose that G and £ follow a power law distribution with decay rates g~7 and x=P.
As o — 0, we have

17 lf’}’_ﬁ < 07
_Ce T 0T, ify— B e (0,2)
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where C and D are positive constants that only depend on 5 and v as follows.

_ y—=1—-1 -1 (y—=3)(B-3)
C—(5—2)<7_25_2—7_3> (7_1)(5_1)>0,
1+ (B-1)(v+6-3) |[(y—=1)(B-3)
7= 72 CEDCE
Proof. See Appendix [E] 0
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Figure 5: As « decreases, the measure threshold m,, increases. The expected goal E,[G] increases
steadily. The figure depicts the expected goal as a function of the measure threshold (on the left)
and as a function of logy(1/a) (on the right). The parameters were set at § = 3.5, v = 7 and
e =1/256.

Theorem |5|shows that if the tail of the discrepancy £ is sufficiently thinner than that of the goal
G (v < ), then the measure M is an excellent measure of the goal G, especially as we optimize for
M. However, if the discrepancy has a much thicker tail, then the measure M becomes negatively
correlated with the goal G. Optimizing for M would then be greatly counter-productive to the goal
G.

It is noteworthy that, as opposed to what we observed for previous cases, the Goodhart effect
here only starts much later than when « ~ €. Indeed, in Figure[5] we only obtain a strong Goodhart
effect when log, () =~ 22, even though log,(¢) = 8.

3.5 Bounded goal, log-normal discrepancy

In this subsection we investigate what happens when G is uniform on [0, 1], and where the discrep-
ancy & is a log-normal distribution of parameters (0,7), In other words, we assume

2

Note that, to obtain a noise-to-signal ratio of €, the parameter n needs to verify e — e’ = ¢ ,
which is equivalent to n? = In 1Hv1+4e” V?M.

Unfortunately, we have not been able to analyze theoretically Goodhart’s law in this setting.
But surprisingly, numerical computations suggest that the maximization of the measure M yields
a “double descent” for the goal. The expected value of the goal first increases, then decreases, and
then increases again to reach better expected values of G than after the first increase.

There are important caveats though regarding both the reliability of numerical computations,
as well as the robustness of this “double descent” for other (smaller) values of €. More discussions
are provided in Appendix [F]

11



1.0 1.0
0.9 0.9
©
- =
E 0.8 =, 0.8
= =
) A
0 0.7 =07
U]
)
0.6 0.6
0.5 0.5
0 2 4 6 8 0 10 20 30 40 50 60
Threshold m log2(1/alpha)

Figure 6: As a decreases, the measure threshold m, increases. The figure illustrates this phe-
nomenon as a function of the measure threhold (on the left) and as a function of logy(1/a) (on the
right). The parameters were set at ¢ = 1/4.

3.6 Worst-case Goodhart’s law

How bad can Goodhart’s law get? Is it possible for instance that, as we maximize the measure M,
the goal G becomes infinitely bad? In this section, by allowing a dependency between the goal G
and the discrepancy &, we answer in the affirmative.

Theorem 6. There are settings where maximizing the measure M = G + & is eventually infinitely
bad for the goal G, even if, given any value of the goal G, the discrepancy £ is centered and the noise-
to-signal variance is €. More precisely, even if Var(G) = 1, E[¢|G = g] = 0 and Var(£|G = g) = &
for all g in the support of G, we can have Ey[G] — —o0.

Sketch of proof. The example we exhibit is one where —G follows an exponential distribution, i.e.
pG(g) = ¢Y for g < 0. We then consider power-law discrepancies whose power law decay satisfies
By = 4+ l—ig (we also add a mass probability at a negative point —z, to guarantee zero mean,
and normalize the coefficient 7, so that the discrepancy ¢ has variance g2 for all values of g). As a
result, for more negative values of g, the discrepancy £ given G = g has a thicker tail distribution.
We then show that, in this setting, Eo[G] — —oc.

The full proof is available in Appendix [G] O

More generally, this result suggests that, in general, if the discrepancy £ has a very long tail for
some value of GG, over-optimizing M may imply that G will tend to take values for which the tail
of £ is the thickest. If such tails are thickest for very undesirable values of G, the over-optimization
of M may thus favor very undesirable outcomes.
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4 Why robust alignment may be very hard

4.1 Illustrative example

Let us first start with an illustrative example with a simple interaction model between an algorithm
and a user. We assume that the algorithm recommends a content z; at each time step ¢, where
¢ € R is simply a real number. The user that consumes the content, and retrieves some satisfaction
that is larger if x; is close to the user’s intrinsic preference # € R. Moreover, the user is asked
whether they would prefer the content to take a larger or a smaller value of z;. However, here, we
assume that the user’s declared preference is biased by the user’s addiction to the contents they
have consumed in the past. This feature is key, as it corresponds to a feedback loop, which we
argue to increase the risk of Goodhart’s law.

More precisely, we assume that their instantaneous preference at time ¢ is some combination
of their intrinsic preference 6, with a factor « representing some form of addiction coefficient to 8,
altered by the accumulated exposition they had to previous content x;,j <t and is given by

L af+ 22:1 z;

b= a—+t

If 2; < 6, then the user answers that they wishe z;’s to take larger values, i.e. y; & +1. Otherwise,
the user replies y; 2 —1. The algorithm then chooses a next content x;,; based on past proposals
and user’s responses. In fact, we limit ourselves to algorithms that output x¢41 by computing

A WYt
Ti41 = Tt + 0

and that begin with 9 = 0. We then consider algorithms that maximize the user’s estimated
satisfaction within T = 100 rounds,

H(w,0,a) ——,

IIMH

9t—90t

with § £ 1075,

We assume that the measure used to select which algorithm to deploy has a correct estimation
of § = 0.2. However, let us assume that this measure gets the estimation of the addictiveness «
wrong. The measure uses apy; = 50, while the goal uses ag = 5, which means that the measure
under-estimates how much the user will be addicted to the content they consume. In other words,
we have M(w) = H(w,0,apr), while G(w) = H(w,0,ag). We then drew w from a log-normal
distribution of parameters 4 = 0 and ¢ = 3 to cover a wide range of values of w. The correlation
between goal and measure was 0.8, and is depicted in Figure

After drawing 100,000 values of w, the top value of the goal we obtained is G(wf) = 56539,
using wy, = 0.31 (and we have M(wf) = 56539). However, the top value of the measure was
M (wy,) = 61099 with w}, = 0.19, which is associated with a remarkably low value of the goal, as
G(wyy) = 986. It is noteworthy that this instance of Goodhart’s law seems to be associated with
a heavy-tailed distribution of the discrepancy between the measure and the goal, as depicted by
Figure [7]

While this simple example should not be regarded as a compelling evidence that Goodhart’s law
applies in practice, it is arguably suggestive of the fact that the risk of dangerous over-optimization
cannot be excluded, especially in the presence of feedback loops.
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Figure 7: On the left, the correlation between goal and measure is depicted for our simple example
of an algorithm interacting with a user prone to an under-estimated addiction. The figure on the
right displays the distribution of the discrepancy between goal and measure.

4.2 On the hardness of robust alignment

It is common to test algorithms w €  with a fixed (series of) test 7". In other words, the algorithm
w is designed to optimize some given objective function My (w) before deployment. This measure
Mrp(w) may be some performance measure on historical data. However, such a measure is likely to
be very different from the actual performance G(w) of the algorithm w once deployed.

One critical difference between M7 and G is that, once deployed, the algorithm w may modify
its environment, and thus the distribution D(w) of future data. It was, after all, the point of
deploying the algorithm. Algorithms are deployed so as to modify (and hopefully improve) their
environment.

But as a result, the performance of the algorithm once deployed is actually dependent on the
algorithm in two ways. First, the algorithm achieves some accuracy on its task. But second, and
sometimes more importantly, it creates a distributional shift that changes the set of tasks it will
be tested on. As an example, a recommender system might change users’ preferences by creating
addiction in them, which will then facilitate click-through rate maximization. By doing so, the
algorithm actually modifies T' (the users on which it is tested) and creates the aforementioned
distributional shift.

We can formalize this by considering that the performance of the algorithm is measured in
terms of some loss function £ that depends on data. So, typically, we would have Mp(w) =
Eyer[—L(7,w)], while G(w) = Eyp)[—L(z,w)].

In the context of Goodhart’s law, this is critical to note, as we now have a feedback loop between
the outputs of the algorithm and its future inputs given by its environment. Such feedback loops
might then lead to power law distributions (see [DMS00, [ATHLO5, BHS10] among others), which
would open the door for some strong Goodhart’s law. If this holds, the over-optimization of the
measure might eventually be (extremely) counter-productive to the goal.

Note that for this to hold, the algorithm w need not be learning from the data x drawn from
D(w). Our basic assumption here is merely that the algorithm w modifies its environment (thus
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modifies T') by inducing a distributional shift. Having said this, the risk of emergence of some
power law discrepancy seems larger if the algorithm is also learning from the future inputs given by
the environment, especially if such inputs are adversarial (see [KSSY19] for an example of attacks
on algorithms).

Another aggravating factor could be the misalignment between the test performances Mp(w)
of algorithms w, and their impacts G(w) measured in terms of what we actually value. Typically,
this goal G(w) might be what we would really want to maximize as a society, like for instance an
adequate aggregation of humans’ preferences which we did not perfectly model. Unfortunately, we
do not yet have reliable algorithms to compute the function G (and we may never have such an
algorithm!). As a result, we need to content ourselves with proxies My that seem correlated enough
with G. But then, the over-optimization of proxies may be extremely harmful to our true goal G.

In the light of our results, it seems worth discussing the potential tail distributions of the goal
G and of the discrepancy ¢ = Mp — G. What may happen in practice is that, while Mp(w) does
not feature a long tail distribution for large positive values, both G(w) and {7 (w) = Mr(w) — G(w)
might. Interestingly, the positive tail distribution of the discrepancy & would then be essentially
the negative tail distribution of the goal G(w). Thus, the flavor of Goodhart’s law that would apply
may actually not depend that much on our measure Mr; it might rather depend on the true goal G
(and on our choice of the distribution Q of candidate algorithms w to be deployed). In particular,
assuming that G has long tails, as suggested by Theorem [5] the harmfulness of over-optimizing My
might actually mostly depend on which side (positive or negative) of the distribution of G has a
thicker tail.

Let us stress that this discussion is somewhat speculative though, since the goal G and the
discrepancy &7 here are probably not independent. Thus, our above theorems do not apply. Never-
theless, while informal, the above remarks warn us about the risks of counter-productive side effects,
once optimized algorithms are deployed in complex environments. In particular, this suggests that
the alignment problem, i.e. the problem of designing the objective functions to be maximized, may
be harder than expected. In particular, because of the risk of a strong Goodhart’s law and in the
light of our results, especially in complex environments with feedback loops, a mere correlation
between a given measure and a goal should not count as a strong argument for the safety of maxi-
mizing that particular measure to achieve the goal. Such an alignment would likely not be a robust
alignment.

5 Remarks and future works

This work raises numerous intriguing questions regarding the potential pitfalls of optimization, and
the need of algorithms that are resilient to counter-productive over-optimization. In the following,
we list numerous research directions for future work and provide pointers to where initial efforts
are already undertaken.

Understanding the log-normal discrepancy case. Numerical simulations suggest that for
uniform goal and log-normal discrepancy, Goodhart’s law features a double descent phenomenon.
Whether or not we can mathematically prove this numerical finding remains an open question. If
so, can we predict the point where the second descent starts?

Application to overfitting. Overfitting seems to be a case of Goodhart’s law. However, it
is not yet clear how our analysis could be best used to predict overfitting. In particular, it is not
clear what probability distribution over parameters of a machine learning algorithm is most fit
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Claim 33 [elmhamdi_goodhart_2024]: Goodhart's law is formally proven to be especially harmful under long-tail risk distributions — when the discrepancy between metric and true goal has a power-law tail, over-optimizing the metric becomes actively harmful to the goal, a result with direct implications for safety benchmarks in mental health where crisis events are rare but catastrophic.

Direct statement: 'the over-optimization of proxies may be extremely harmful to our true goal G' — since we cannot compute the true safety goal directly, we use proxy benchmarks, and this formal result proves that extreme optimization of those proxies is dangerous.


to describe the likely values of parameters after sufficient optimization. Can the risk of counter-
productive overfitting be predicted before spending huge amounts of power to optimize neural
network parameters? Can our approach actually explain double descent? Can it be used to explain
the success of interpolators?

Tail-skewed goal. We have suggested that an unknown (or hard-to-estimate) goal G could
be particularly hard to optimize if its negative tail distribution is heavier than its positive tail
distribution. Could this assumption of skewness of tail distribution be discarded? Or is it possible
to derive it from reasonable assumptions? Are human values likely to have skewed tail distributions?
If so, what can be done? How can we avoid a strong Goodhart effect despite a tail-skewed goal?

More complete analysis of Goodhart’s law. This paper only presented five settings of goal-
discrepancy tail distributions. It also only mostly analyzed asymptotic behaviors as the measure
is being maximized. Is there a more insightful theory to predict Goodhart effect, including in
non-asymptotical regimes?

Biased training set. In classical learning theory, it has become common to assume that the
training set is an unbiased sample of the out-of-sample data distribution. But in practice, there
is often a sample bias, simply because easier-to-collect data are more likely to be in the training
set. How dangerous is it to learn from biased datasets? Further analysis of Goodhart’s law in this
setting could shed new light on this question, critical to algorithmic bias and fairness.

Robustness to poisoning. In the light of our results, one could ask whether bad actors could
introduce well-crafted data in order to increase the heavy-tailness of the discrepancy. For instance,
a malicious attacker might know that the algorithm computes the maximum a posteriori as a proxy
for the posterior distribution, and inject poisoned data to induce a stronger Goodhart effect. This
question could serve as a good intersection between the growing interest in the alignment problem
and the recent advances in robust statistics [DKK™19]. More concrete examples to motivate this
is the poisoning of social media with misinformation, such as medical advice against vaccines, or
recommendations for false cures, as the proxy being maximized is often “engagement”, social media
algorithms tend to be easily fooled by this type of contempt and amplify it further[HFEM21].

Heavy tailed statistics. Closely related to the last question is the general effort to better
understand the behaviour of learning algorithms under heavy tailed situations [HS16l [LL17]. A
very recent work [ZKV 19| is, e.g. suggesting that the answer to the poor performance of stochastic
gradient descent compared to ADAM in some situations might lie in the heavy-tailed distribution
of the noise.

Diagnosing strong Goodhart’s law. Our work suggests to study the tail distribution of
¢ = M — . But what is the best way to infer the tail distribution of £ from a sample? Studying
the tail distribution of £ is challenging in itself, but another challenge is to tell whether £ is or is
not independent from G. Further challenges to explore is whether or not one can draw sufficiently
many samples to estimate the aforementioned tail distribution of £. Another issue will naturally
arise in this direction as we often only have a biased sample of £’s. To what extent can we still
estimate the risk of strong Goodhart’s law given these challenges remain an open question, of which
answers are of highly practical consequences?

Early stopping. Our work suggests that, at least in some cases and assuming a risk of
Goodhart’s law, it would be safer to optimize up to (roughly) the e-quantile. But is this observation
robust? Can we further analyze other properties of the measure M, the goal G and the distribution
Q to better identify the point after which optimization may become counter-productive? Moreover,
in practice, we do not know the goal GG, which prevents us from estimating the correlation between
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the measure and the goal. How can we pragmatically determine a robust early stopping criterion?
Combining measures. In the same vein as the previous conjecture, suppose we have n
measures My, ...M,, such that the discrepancies £ = M}y — G are independent. Then averaging

M = %ZMR should allow to reduce the errors to be roughly ¢ = ﬁ,/ZEZ. But this will
actually likely not be the most robust aggregation, as it will be as heavy-tailed as the heaviest-
tailed discrepancy. In fact, robust statistics provides tools to construct sub-exponential estimators
from heavy-tailed distribution [DL19]. Exploring this direction yields other interesting questions,
as the M}p’s might not be independent, have different variances, and poses other challenges when
inferring their dependency and their variance from raw data. This direction however seems to be
a practical way to guarantee resilience against strong Goodhart’s law, as the averaged measure
is more complex proxy to the goal than every single measure taken alone. Actually, this is what
is done in practice, when a student is judged by different examinations, when a scientific result
is evaluated by several (ideally independent) reviewers, or when policies have to be approved by
several policy making bodies. The rationale is that “Goodharting” one evaluator might be easy,
but Goodharting] all of them at once becomes harder.

Random tests. Suppose we have n measures My, ...M,, such that the errors £ = My — G
are independent. Then enforcing some uncertainty upon which measure My (and assuming the
optimizer maximizes its expected score) will be used may have an effect similar to averaging the
measures My. If each measure My, is costly to compute, this could allow the same efficiency with
significantly less computational power. Can this trade-off be quantified, and improved upon? Can
the random sampling be made robust to strong Goodhart’s law, despite the heavy-tailness of some
measures?

Quantifying the need to improve measures. In practice, the quality of the measure My
depends on the investment Z in data collection, data cleaning, measure design and troubleshooting.
This measure My will likely be more and more correlated with the goal for larger values of Z, but
companies, institutions and governments may be reluctant to invest too large values. Is there a
principled way of choosing the investment Z to optimize with provable guarantees? Can we design
an efficient algorithm to adaptively choose the investment Z to maximize in a Goodhart-resilient
manner?

6 Conclusion

This paper showed that Goodhart’s law strongly depends on the tail distributions of the goal and
the discrepancy between the measure and the goal. We introduced and distinguished between the
weak and the strong Goodhart’s law. Longer-tailed discrepancies create stronger Goodhart effect,
which, in the worst-case, can even be infinitely bad for our true goal. Our results also suggest that
the alignment problem is likely to be particularly difficult in complex environments that involve
feedback loops. They warrant more investigation into the design of measures that are resilient to
Goodhart’s law.

"The term Goodharting emerged informally among some Al researchers and means, roughly, acting in a way that
hacks the proxy measure, without necessarily meeting the targets, desired by the main goal.
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A General facts

Lemma 1. Let p be the joint probability density function of G and £. Then p satisfies the following

property:
P (=)p%(g)

o 1g+x2ma-

Palg,7] =
Proof. By definition of p and using M = G + &, we have

[ x}_p[GZQ,ﬁzxAG+§Zma]
Pa |9, = P[G+§2ma] .

We conclude by noting that p[G =g, =x AG+ & > mg| is equal to zero if ¢ + 2 < «, and
equal to p[G = g,&6 = z] = p(g)p(x) otherwise (using independence of G and ¢), and that
P[G 4 & > mqy] = P[M > m,] = «, by definition of my,. O

Using the lemma, we obtain the following simplifying equalities

a= /gjio </7::_gp5> p“lgldg

s =5 [ ([ )i

st =5 [ ([ o) ilian
s =y [ ([ ) ol

sl =5 [ ([0 e il
s =1 [ ([ atlomts) iy

Also, note that we have the following equality

Vare(G) = Eo|G? — Eo[G)?,
Vary(§) = Ea[€7] — Ea[é)?,
COUQ(G, f) =Eq [Gﬂ — Eq [G]Ea [5]’

Finally, this can all be combined to obtain the correlation among top « values of M:

D = Vara(G) 4+ Cov, (G, )
“ \/Vara(G) (Vary(G) + Vary (&) + 2Cov, (G, §))

B Bounded goal, exponential noise

Lemma 2. If a <ev12(1 — e VeVI2) then mg > 1.
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Proof. Starting from M = G + £, we have the following

PIM > 1] = P[G +€ > 1] = Eq [Pl¢ > 1 - GIG]

1
= / P¢ > 1 — gldg = / e M9 dg
g9=0 g

= =0
Ag 1 1
-l € ] -
=e | — =—(1-e") >aq,
|: A g=0 A
where, in the last line, we used A = 1/e+/12. This allows to conclude that m, > 1. O

Lemma 3. \a = e " (eMa — 1) 4 \(1 — hy), where hy = min(mg, 1).

Proof. Note that if m, > g, then frzz_gpf = e AMma=9) and it equals 1 otherwise. Using the
equations of Section [A] we have

ha 1
a=PM >m,] = / e~ Mma=9)qg —I—/ dg
0 ha

Ag ha
— ¢ AMa [e] +1— hg

A o
T e 1y 11—
=— (e o
Multiplying by A on both sides yields the lemma. O

1 A2(1—-h2)e e 42 haerha —2eMa 12
Lemma 4. E,[G] = 55 N1—ha)erma feia—1 :

Proof. Using the equations of Section [A] and integration by parts, we have the following computa-
tion:

ha 1
a)\Ze/\maEa[G} — )\ZeAma/ gef)\(ma*g)dg 4 /\QeAma/ gdg
0 «
ZeAma

f A
— )\2/0 geMdg + 5 [gz]llza

g ha ha ,Ag 2(1 _ 2
e (], ) e
0 0

he 2 K2
— MM [6)\9} n (1 ha)e)\ma
0 2
2 1— 2
— )\haeAho‘ o ez\ha + 1 + A ( 5 ha)ez\ma

~Aa A (1 = hd)eMme 4 20hg et — 2eMe 4 2
2 A1 — hy) + erha=ma) — g=Ama

I

where, in the last line, we used the previous lemma. ]

This lemma allows us to plot E4[G] as a function of m,. This is done in Figure (I} Putting
everything together, we can finally prove Theorem
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Proof of Theorem [ Consider a < 5\/>( e_l/a‘ﬁ) Then, we have E,[GM] = ES [GE,[M|G]] =
EC [G(mg + 1/A)] = ES [G] (ma+1/A) = Eo[G]E4[M], which corresponds to saying Cov, (G, M) =
0. This implies p, = 0.

For the expectation of GG, the above lemma does most of the work. We can conclude by noting

—A
that, when m, > 1, we have h, = 1, which implies E,[G] = =1- 1 +0(1/A) as

1
I-s+55
1—e—A
A — 00. ]

C Normal distribution

C.1 Useful lemmas
Lemma 5. f e %th —e 207 (1_72_'_ +O( ))

Proof. 1t is well known that, as © — oo, we have the following integrated Taylor expansion:

_z2 N-1

o —u? _ € n(2n_1)” —2N—-1_—22
/x e “du= 5 nzo( 1) (22 +O(:c e )

Taking the first terms of this expansion, and replacing u by t/ov/2 then yields the lemma. O

2
Lemma 6. [ t2e” 207 dt = mo2e” 207 (1 + % - % +0 (#))
Proof. We use integration by parts:
o t2 t2 o o t2
/ t-te 2% dt = — [te 202} +02/ e 202 dt
m m m
m2 4 m2 2
= mo2e 37 + ¢ 307 <1 — % + O(m_4)) ;
m m
which yields the lemma. O

Lemma 7. Assume 0? = 6% + k2, with 6,k > 0. Then, as m — o0,

u2 U2
2 _ Y
// u“e 282 2:2 dvdu
utv>m

5 —m 4 6
0°kmy/Te 202 o o
3 L+
o

2m?2  2mA

+ O(m‘6)>

Proof. Let v = ";—: Since o > K, we know that 1 < v < o/k. These two inequalities will be useful
later on.

Let us now decompose the double integral, by first integrating over v, and then over u. Then,
we decompose the integration over v by introducing the midpoint m /. This yields

// ule” 262 2~2 dvdu = / / u’e 262 due 2~2 dv
u+v>m u=m-—uv
m/ﬂy 2 _L _L 2 _L _"’7
= u“e 282due 2+2dv + u“e 262 due 2+2 dv.
—oo Jm—wv m/y Jm—v

8The notation !! denotes validity on odd values of k < n only.
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Now, the second term is going to be decaying much faster to 0 as m — oo, because v < ¢. To show
this formally, note that

e’} 5 w2 —+o00 w2
‘/ u‘e 262du‘§/ u-ue 262 du

m—v —0o0

W2 ] “+oo 22
= —§2 [ue_%ﬂ} + 52/ e 22dx = 6%\/T.
—0oQ

—0o0
As a result, the second term can be upper-bounded as follows:

+o00 e8] w2 2 e8] 02
‘ / / ue” 267 due” 22 dv‘ < 53\ﬁ/ e 2:2dv
m/y Jm—v

m/y
1 __m?_ _m?
:O<e 2257 | = o mOe 202 ,
m
since Ky < 0.

Let us now focus on the first term. Importantly, the second integral goes from m — v to infinity,
where v is now at most m/v. Thus, the lower bound of the integral is at least (1 —y~)m. Since
~ > 1, this means that the lower bound goes to infinity as m goes to infinity. This allows us to use
the asymptotic approximation of the previous lemma. Namely, assuming v < m/vy, we know that
there exists a function R such that

0o _u? _(m=v)® 52 & R(m —v)
) _ 2
/ u'e 2 dr = (m—wv)dTe 27 <1+(m—v)2_(m—v)4+(m_v)6>’

m—v

such that |R(m —v)| < C for some constant C' determined by considering, say m > 1 which implies
m—ov>(1—y"1m>Q(1).
Now notice that we have the equality

(mfv)2+v2 _o? K2m 2+m2
242 262 2K252 o?

which can be verified by simply developing the squares.
For k € Z, let us denote

m/y 2 2 2
—k o K*m
Ik:/ (m —v) "exp (—252&2 <v— = ) >dv.

Then, using the three equations above, we can write the first term of our integrals as

m/y oo w2 2 m2
/ / ue” 267 due” 22 dv = 6%e” 207 (I_1 + 6°1, — 6* I3 + IR),
—0o0 m—v

where

Interestingly, we observe that |Iz| < C|I5|.
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2
— “3*, and note

To compute an approximation of I, we make the change of variable h = 5
2
% — 5. Note

that m —v = < — h. The upper bound of the integral then becomes Sm, where 8 =

that, since 1 < v < o/k, we know that 1/y > k2/0?, which implies 5 > 0.
We also separate the integral in two parts, by introducing a middle point \/m. This allows us

to write [, = J,i + J,f, where

vm 52 —k o2p2
J,i:/ <2m h> e 222 dh,

—so \O

Bm 52 —k o212
J,f:/ ( —m— h> ¢~ 522 dh,
Vm g

Let us first show that Jl? is exponentially negligible in m. To do so, note that for h < fm, we have
%m—h2<ﬁ+2—z—%) = (1 —~"YHm =Q(m). As a result, we have

o2h? oZm
Fm~ e 2622 dh = O(m “Ze T 26262 ),

In particular J? = O(m™).
Let us now compute J,% for K = —1. The trick is to note that it is the full integral over real

numbers, minus the part between \/m and +oo, which is exponentially negligible. And to also

develop the term to obtain different integrals. More precisely, we have

2 +o0 22 +oo 2n2 2 252
JL = om e 522 dh — / he ™ 5577 dh — / <62m h) e~ 3572 dh
vm \O

- o2 —00 —00
§*m 6 _o?m\ &3
= Tgn /{O\_/F -0+ O (m_1/26 252H2> = ,{;f_ng\/F + O(m_5)7

where we use the fact that the exponential term is an even function (squared terms), while h +— h

is odd.
Now assume k > 1. To estimate J,%, we are going to use the fact that, denoting w = %, we

have
o2k

- Kk+1) 5 k(k+1D)(k+2)

where S(w) = O(w?) for w close to 0. For h < y/m, we have w < \ﬁ
< C’kw4.

2 —k 2k k
(=) =ty

For, say, m > 1, we can

therefore guarantee the existence of a constant C}, such that |S;(w )
Let us now define the integrals

vm 2 5252
KeZ/ (;h) e 252 26252 dh,
m

—00

vm 2 2,2
Kfio:/ Sk<§2h>€ 3522 dh.

—00
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Note that J} = % (Ko + kK + k(kgl)Kg + k(kﬂﬁ)(lﬁz) Ks + K&) However, note that | K% | <

CiK,4. This means that we can now restrict our focus to K;’s, which allows to remove all apparent
—k
singularities caused by terms like (g—zm —h
In particular, we notice that the K,’s are equal to their integral over all reals up to an expo-
nentially negligible quantity in m. More precisely,

20 400 2,2 2/ 400 2,2

o g — g hT o g — I hT

Kg = 207 h'e 282:2 dh — FoTAWI h*e 282<2 dh.
0%tmt J_ 0%mt J

2m
The second term is then O [ m*/?~le™25%:% | = O(m ).

Now the first integral is proportional to the moments of the normal distribution, it is thus zero
for odd values of £. For ¢ = 0, the integral equals 5%5 For ¢ = 2, it equals Mf 52’32 = 63';#
There are formulas for larger values of £, but for our purposes, it suffices to note that, for £ = 4,
the integral is O(1), i.e. it is a constant independent from m.

Finally, we can compute the asymptotic approximations of I;’s up to O(m ). Namely,

53 53
1y =TT ome%) = TV (14 ogm )
2 4 3.3
Il g <(5l€\/7i+ g (5 K ﬁ+0(m_4)>

~ 2m o §m?2 o3
Brmy/T [ ot o%k? 6
-— (54m2 + 56,771 +O(m ))

oS (SkyT o
I3— (56m3 ( pu +O(m )>

53 kma/T o8 _
= O'3f <58m4 +O(m 6))

_ 3 km _
Is = O(m™) = G?)ﬁ()(m 6.

Combining it all finally yields

m/’y o0 u2 v2 7n2
/ / u?e 267 due” 22 dv = 6%e” 207 (I_1 + 6°1, — 6* I3 + IR)
—0o m—v

m2
8% kmy/Te” 207 1+ ot d° +om™9)),
o3 2m?2  §?m4

which is the lemma. O

C.2 Proof of Theorem [2|

From now on, to simplify notations, we shall denote 02 = 1 +¢2. In particular o can be interpreted
as the standard deviation of the measure M = G + £. Here is a relation between o and e that will

be useful later on.

m2

Lemma 8. P[M > m] = ";:\j? (1 - % + % + O(m_6)>, as m — oo.
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Proof. Since G' and ¢ follow independent normal distributions A(0,1) and A(0,€2), their sum

M = G + ¢ follows distribution NV(0, 0?). Therefore P[M > m] equals ﬁ times the same integral

as in the previous lemma. O

Given that a = P[M > m,], the form of the previous lemma that will be most often useful is

actually

m2

e 202 o2 20* _6
Lemma 9. E,[(] = =22 A, Bo[G] = g A and B, [GE] = S22 A, Also,
gt ot ob _
E.[¢%] = ﬁmiA(l + 2,7 T 2 +0(m™9)),
Am? ot 6 _
E.[G?] = — (1+-— - — +0(m™®)

Proof. For the three first equalities, note that

o) +2 2 ] m2
/ te 202dt = —0* |e 202 = —0“ 2.2,
m

From this on, it is a basic computation.
For the other two inequalities, we apply Lemma [7] with the appropriate values of § and k. To
compute E,[£2], we use k = 1 and § = ¢. To compute E,[G?], we use k = ¢ and § = 1. O

Lemma 10. As a result, we have

g2 1 _4
VaTa(G) = ﬁ‘f‘m—f—O(m ),
g2 &t 4
Vary(§) = 2 + ") +O0(m™),
Coun(G€) = -5 + £ 4 O(m~1
oG ) = =25+ 17 +O0m™,
o2
COUQ(M, G) = W + O(m_4),
ol
Vare(M) = p +0(m™4).

Proof. This is obtained by adding up the results of the previous lemma. For the first line, equal to
Eq[G?) — E4[G]?, we have

Var,(G) = o B

m2A ((7252 ot(2 - a?)
_l’_

2 4 6 2 4
m“A o o o 20 _6
- < gl st +0(m )>

ot m?2 mi

+ O(m6>>
== <1 + :; + O(m_4)) <1 Nl W O(m_4))

2m?2

2 02 4
—2(1+M+O(m_ )),
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which is the first line of the lemma. Moving on to the second one, equal to E,[¢2] — E,[€]?:

etm?A ot o o? 204 _6
Varoz(g) = o4 (1+€2m2 — " —I—W—FW—FO(m ))

etm2A [ o? o4(2e? — o?) _6

I e2m? e2m? +0(m™)

2 2 20962 _ 52

= % (1 + % + O(m‘4)> (1 L o2 =) inQ o) O(m_4)>
2 £252

= (145 rom).

Now to the third line, which is E, [G¢] — E,[G]E4[€]:

2 QA 2 2 4
Covy (G, &) = £ 7:4 <1 -1- % + mi + O(m6)>

= —222 <1 + —22 - O(m_4)> (1 — 24'22 + O(m_4)>
:_222 <1—J22+O(m 4))

The fourth line is obtained by adding the first and third lines, while the last line is obtained by
adding the two first lines and twice the third line. O

Proof of Theorem[4. Combining it all finally yields

m2 g

pa ~ 5 i ~Y .
g .o EMgq
o2 m2

Since M is normal with means 0 and variance 1 4 €2, then it is well known that

1 1
Me :a\/2ln —Inln — —In7 +o(1).
a a

Combining it all yields the theorem. O

D Bounded goal, power law noise

D.1 Preliminary lemmas

Lemma 11. Forn <2 and my > 1+ 1, we have

> n, £ _ B —1 s—1 o \n+1-p3
/magxp(x)dft—ﬁ_(nH)n (ma — 9) :
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Proof. This is a mere computation:

/OO 2" (z)dx = (B — 1) ! /OO 2" Pdx

ma—g Mma—g
_ 00
xn+1 B :|
Ma—g

(B — 1B
=(B-1)n [n+1ﬁ

-1 )nﬁ_l(ma =)

_ n+1-p
B—(n+1 ’

which concludes the proof.

Lemma 12. For k > 1, we have

(m _ 1)1—5 o ml—n

1
— ) fdg =
/0 (m —g)"dg p—

m— 11—k 1 m— l—niml—n
Proof. fol(m—g)*“dg = [7( Fﬁ)l }0 = (m=1) "om 7" 1)H,1 .

Lemma 13. For k > 2, we have

1 m — 11—k m — Q—KimQ—K
[ st gy7rag = =D

Proof. Using integration by parts, we have

1
(k= 1)(k — 2) /0 g(m — g)"dg

— (h—1)(k—2) <[g(m;_9)11]: - /01 wd9>

m — 2—k71
= (k—2)(m —1)'" + (k— 2) [( K_Q)Q ]O

=(k=2)(m—1)"" — (m—1)*>" + m?",
which concludes the proof.

Lemma 14. For k > 3, we have

1 ) s B (m—l)l_” B (m_l)Q—m (m_1)3—n_m3—n
/09 (m —g)"dg = —"—3 D=2 kD) D(k—3)

Proof. Using integration by parts, we have
1
(R~ 1= 2 =3) [ gm—g) "y

1
= (= 2)0c =) ([P = 075 =2 [ glm — 0"
=(k—=2)(k—=3)(m— 1" —2(k = 3)(m — 1)>7F +2(m — 1)37° — 2m>~",

using the previous lemma in the last line.

30



D.2 The regime m, >1+1n
Lemma 15. If mq > 141, then o —2) = n°~! ((ma —1)278 — m?{ﬂ).

Proof. a =P[M > m,| = fol frzz_g pidg = nP~1 fol(ma —¢)'Pdg. We then apply Lemma 12 with

k=p—-1. O
Lemma 16. For my > 141, we have the following equalities:
. n’1 p—1 3-8 3-8
Ea[g]* o (ﬁ_2)<,6_3) ((ma—l) — My )
21 77671 B -1 4—p 4-p
Ealt] = T g gy (e = 1 - me”)
! o (ma—1)F —mi™”
Ea[G]—m ((ma—l) - 5-3
N s 2ma—1)3F(ma — 1) — g
FlGl= Gy \ e Y -3 0 (B-9(B-4)
I ysep_ (ma =P —mg
Ea[Gg]_ a (18_2)(6_3) ((moé 1) 6_4

Proof. This follows from combining the equations in appendix to the previous lemmas. More
precisely,

This concludes the proof. ]

D.3 The regime n <m, <1+n

Lemma 17. If n < my <1+, then
n—n""tmg "
8—2

Proof. Using the appendix and a variant of Lemma [I2| for k = 8 — 1, we have

Ma—" o0 1
a:IP’[Mzma]:/ / pgdg—k/ dg
0 Ma—g mMa—"n

g [T 1 1
= [ =) g+l
0

_ 2—
/871772 8 _ m2 B

B8—2

a=1—(ma—m)+

=7 +1_(ma_77)7
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which is the lemma.

Lemma 18. Ifn < mq, <1+, then

Eq[¢] = ;g_; (77 —n(ma —n) + nﬁ_l(ngﬁ_ﬁg miﬁ)) ,
Eq[6%] = ;g_; (772 —n*(me —n) + 7751774_2—_723[3) :
E,[GE] = ;g - ; (727 - 77(%2 n? nQ(gLi‘s n 775;;(24;@ m;%f)) 7
Eo[G] = é (1 - (m2a -’ n(za_ - n nﬁ(‘ﬁl@?’g)/zﬁ—fgﬁ ) |
S

Proof. Using the appendix and a variant of Lemma [I2| for k = 8 — 1, we have

=i L
a—— ap®(z)dxdg
5 - 1 max(ma—g,n)

Mo — 17
Znﬁ‘l/ (Mo — 9)*~ 5d9+/ ndg
0 Ma—T1
. 3—B7Ma—"N
_ B-1 [(ma g) :| - -
=1 — +n(1 = (Mo —n))
-3
3-8 _ .30
. _ p-1M"_—~ = Ma
n—mn(ma—n)+n 5.3

from which we can conclude by factorizing by m, — 7. Moving on to the second line:

G e

p [ 2
=’ / (Mo — 9)* Pdg + / n*dg
0 Ma—1N

_ )BT

_ mao — g

=’ [(;mi] + 7 (1 = (ma — 1))
0

5—1774_ _ 46;5

B —m
=n* —n*(ma —n) +1 54
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which allows to conclude. Finally, we have the case of E,[G¢]:

B=20 e _ g [T 2 '
az—EalGE] =1 ; (ma — 9)~ " gdg + ngdg

/6 Ma—1

Talmg — g3 -1 pman ) 1
=1’ 1[9( 9) ] —2_3/0 (Mo — g)° Bdg+77/ gdg
0

! {(ma - 9)4—6} e [gT
— + =
/6_4 0 ! Ma—"N
Pma—n) 17 % —ma )
2 B—3 B-=3)(B—-4) ~

which concludes the proof. Using the appendix equations and a variant of Lemma [I3|for k = §—1,

we have
Ma—"n o0 1
= / / pegdg + / gdg
0 Mma—g Ma—"n
2

_q [T _ 1 Mea — N
=7751/ g(ma — g)' Bd9+2—(a2)~
0

To conclude, note that

(8-2) /mang(ma —g)'Pdg

0

Ma—1 Ma—1
= [g(ma —~ 9)2_5}0 - /0 (ma — g)*Pdg

773—5 _ mij:/o’

8—3
Rearranging the terms yields the lemma. Using the appendix equations and a variant of Lemma
[13] for k = B — 1, we have

Ma—1 oo 1
aEa[G?) = / / p°gdg + / g°dg
0 ma—g Ma—"0
3

B Ma—"1 B 1 Me —
=nﬁ1/ g*(ma — g)' Bd9+3—( 377) :
0

= 77275(7”& —n) -

Now let us decompose the remaining integral once:
Ma—"N
-2 [ ma -9y
0
_g]Ma—n MMe1 _
= [gz(ﬂ’ba—g)2 5}0 —2/0 g(ma — g)*dg

2 m ,,7 7,’3 ;8 2 Ma—"N _
= (ma —n)*n* P - (mo — 1) + /0 (ma — 9)*Pdg.

p—3 p—3
. . . DL g)4 ﬁ Ma— 7] r]476—mi_ﬁ . .
Note that this last integral is . =g Rearranging the terms yields the
lemma. O
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This allows to plot E[G|M > m,| as a function of m,. This is what we did in Figure
Combining all the results of the last two sections, we can finally compute the correlation as a
function of mg. This is what is done in Figure

D.4 The limit o« — 0

Lemma 19. As m — oo, we have

—1)77 —m™7 1 1 2
(=) —m™ v+l (D +2)

e 2 6 m  o(m ™),

Proof. Note that

(m=1)"7"=-m Y =m (1L -m )" —m™

1 1 2
o (1 PV 7(7; )2 4 20+ ()5(7 +2) s O(m_3)> R
1 1 2
— = 4 7(7; JJ— n (v + g(v +2) -3 +o(m=179),
which concludes the proof. O

_1
Lemma 20. m, ~na #-1, as o — 0.

Proof. First notice that

1
B-1 B—2 B—1 _
n " (B-1a
P|M>1 —_ > — = .
- *((5—1)0«) ]/3—2 i ¢
b1 N\ 2y
This implies that mq, > 1+ (&771)&) 77 5 00, as a — 0.

For « small enough, we thus have P[M > m,| = a = %((ma —1)28 — mgfﬁ). We can thus

write
1-m ") P =1—(2-B)my" +o(m;").

1

Applying this to the above equation implies m, ~ na~ 5-1. ]

Lemma 21. As a — 0, we have the following expansions:

Balé] = 55 = 50555 + o(1)
Eal€?] = (g —gm? + o(m?)
E.[G] = % + %m;l +o(mzh)
EalG?] = 5 +o(1)
_ p-1 (B-1)(B—5)
Eo[GE] = DT T +o(1).
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Proof. The proofs consist of combining the exact expressions of the expectations computed in a
previous lemma, with the asymptotic expansions of the previous lemma.

o=1)%F —mg "
B—1 (m )5—3 m
B =2 (ma=1)2-F-mi"

_B—lmaﬁ+52 1_B—i-o( 1_B)
ﬁ_2ma5_|_ﬁl —I—O( 5)

—B_1<ma+6;+ (1))(1-6_m + o(m 1))

Eol¢] =

8 —2 2
_B-1 p—1
BEETIAAETER
which yields the first asymptotic approximation. For the second, we will not need to go too deep
in the approximation:

B—2-(8-1))+0(1),

( Ma 1)4 B_ mi B8
9 B—1 1
Ea[‘f] /8 3 ma 1)2 B_ m —B
B—2

ﬁ—lmaﬂ—I—o( 26)
-~ B-3ml 4 o(m&?)
g—1

*T 3m + o(m 2),

which will suffice. The third one will need more computations.

_ ma—1 3_57m§;g
Eo[G] = - e i =
@ 5 -2 (mafl)Q—Bfm?;ﬁ
=2
(Mq — 1)27/3’ _ (ma—ﬁ + @ 1—13 + (5*2)(f3*1)m;5 + O(ma_ﬁ))
(8 —2)(ma L PAma” + o(ma"))

l_ﬁ—i-%m;ﬁ 2m3¥ B _ B 1'm + o(m B)

mifﬁ(l + '821ma + O(mal))

= (5 + Pt mat ot (1= B gt otmeh)
1
;
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which yields the third line of the lemma. The fourth lemma is a bit tricky. Let us first note that

(me, — 1)4*5 — mi_ﬁ

g—3 (B—3)(B—4)
B3 4 D28 | (B9E-)

-3 5—3

We can plug this into the equation of E,[G?], which yields

_1)2-B_p2 8 — _
) (ma 1),8_2 Mq _ %mtl)c B8 + O(mtl)z /3)
ECX[G } = 1—

Ma A +0(mé_ﬁ)
1-8

1-8 2

Mo = — 5Mag 1

= =5 to(l) =3 +o(l).
My

Finally, we move on to the last asymptotic approximation. First note that

(ma =177 (mg — 1) —mg™?

B-3 (B=3)(8-4)
(ma—1P3PF-—mdP 1 , , B=2 ,_ _
N s
iy B s L s B2 s sy
2 2 6
1 -2
= S+ B2l o o(ml )
2 3
As a result,
B O e Tty
" (8= 2md ™ (1+ 52mat + o(ma"))
—1 2(8—2 —1
= 2(%_2)77104 (1 + (Bs)m;l + o(ma_l)> <1 - Bngl + o(mgl))
p-1 B-1 (2(8-2) B-1
= ma - 1),
206 —2) T 2(5—2) 3 )t
which yields the last approximation of the lemma. O
Lemma 22. As a result, we have Vary(G) — 1/12, Covy (G, M) = —ﬁ and Vary (M) ~

B-1 2
(B—2)%(8—3) -
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Proof. We have Vara(G) = Eq[G?] — Eo[G]*> = 1 — 1 + 0(1) = &5 + o(1). Next, note that

BalGIEale] = (5 + Tt mat +otme)) (G gme - 55— + o)

_ B-1 (-1  B-1 o

“a-2)" T Eoy 1oy TV

_ B-1 (B-1)

= 2(6_2)ma+ 205 -2) (B—4)+o(1).

As a result, we have
B-1 B-1
Cova (G, §) — 206-2) (B=5)—(B—-4)) = T12(F-2)

From this, we derive the fact that

Cova (G, M) = Vary(G) + Cov, (G, €)

Note also that

1 -1

Varo©)~ (75 - grge) - Ot
N S
(B-22(F-9)"

This leads to

Var(M) = Vary(G) + 2Cov, (G, ) + Vary(€)
SN L8

(8—-2)*(8-3) “

which conclucdes the lemma. O

Proof of Theorem[3. Finally, we can prove the theorem. Combining it all, we have

12@1*2) f-3 -1

Po ~ ~ My
B—1 12(6 -1
Vwﬁﬁﬁﬁﬁmi S

1-8

Using the asymptotic approximation mg ~ = an'~? allows to conclude. O

D.5 What happens when a ~ ¢

As « goes to zero, the correlation p,, which is first positive, and even near 1, then becomes

1

equivalent to, roughly, . This means that it must become negative at some point, before
then converging to zero. In this subsection, we study this turning point. More precisely, we will
focus on what happens when m, =1+ 1,

To do so, we shall assume that a(e) is such that mq) = 1+ 7. And as o — 0, we will thus
also have ¢ — 0.

37



Lemma 23. (8 —2)a(e) =n (1 —n°72(14n)>7F).

Proof. Indeed, P[M > 1+ 7] = %571 (7]2—5 —(n+ 1)2—5). 0

Lemma 24. a(e) ~ \/%8, ase — 0.

Proof. This is an immediate corollary of the previous lemma, as we recall that n = (6 — 2) i€

Lemma 25. We have the following equalities:

> B—11—n3(1 4937

Bl =3@5—2  5-3

Eo(l¢"] = OZ; g - :1)) L= 775_;(_1 ;r n'e

Eoo)[G] = 04(5;)7(;1_2) (,72—6 n*F _B(i; n)35> |
)
I

Lemma 26. We have the following equalities:

B—11—n"(14n)*"

IEoz(s) [E] = nﬂ 31— ,,7[3—2(1 + 77)2—/3
23 +o(n),
o o (B=1)(B-=2)1-n 1 +n*F
AR e (e
1- g% + Jz (1 +7)>7
_ 1T F3T 53
Ea(s) [G] = 1 —77’3_2(1 +n)2—/3
1= 2+ g (1= P41+ )*=F)
_ F—3)(F—4)
Ea(a) [GQ] - 1— 776 2(1 4 n)Q—B ’
C B—1l- g =y (1))
Fo@ G =g T T

Now, to understand the limit 7 — 0, we need to distinguish the cases § > 4 and 8 < 4,
because the quantity 1 — 7°~%(1 + 1)*~# does not behave the same way in the two cases. Indeed,
1—n214+n)*P = 1if B> 4, while 1 — P21+ )+ P ~ —nf~4if < 4.

Lemma 27. If 8 >4, as€ — 0, py(e) — —ﬁ.
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Proof. Let us compute the expectations of key variables.

(ﬁ—l)(ﬁ— 2)

Eoe(a) [52] (,8 3)(5 4) + 0(776_2),
B, [G2=1- 21 4 2 +o(n?)
o) B—3 " (B-3)(B—49) ’

_ B-3
BacolG8l = 15— (1= 55 + A + o).

We now move on to variances and covariances.

Combining it all allows to conclude.

5-3

Lemma 28. [f3 <3 <4, ase =0, pye) — 2(F=2)"

Proof. Let us compute the expectations of key variables.

s—2(B—1)(8—2)
(B—=3)(4-25)
24 27 n"2(8—2)(5 - B) o(nB=2

B=3(3 —
Baol =05y (1- P27 o).

Eolé)? = O(n?) = o(n°?),
Ea(s) [G]2 =1- 21 5

IE“oz(e) [62] = + 0(776_2)7

252 B2
= +25 3 +o(n”™2),

—1
Baol Gl = 15— + 007,
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We now move on to variances and covariances.

-2
Varye(§) ~ Zﬁ_ 3 G _;)_i_ 2),
5—2
Varye (@) ~ ;7_ 56-2)
B8—2
Cova(e)(G:€) ~ —4 =5 (8= 1),
-2
Covy () (G, M) ~ _417— 5
B—2
Varyey (M) ~ Z_ 533
Combining it all allows to conclude. O

Proof of Theorem[f]. The theorem is the straightforward combination of the two previous lemmas.
O

E Power laws

E.1 Useful lemmas

Lemma 29. Assume v ¢ {1,2,3}. Let J(m,k,v) fll/jl 1—h)""h7"dh. Then
J( V) B mufl N Hml/72 N O(l N 1/—3)
V)= T mn '

Proof. First note that for h close to 0, we have the following approximation:
(1 —h)™" =1+ xh+ h*R(h),

where R(h) = O(1). In other words, there exists a constant C' such that, for h € [0,1/2], we have
|R(h)| < C. As a result, we can write

1/2 1/2
J= / h™Vdh + n/ h'=vdh + Jg,

1/m
_,11/2

where |Jg| < Cf1/2 h*vdh = C Uf_yl} y = O(1) + O(m¥~3). By ignoring constant terms, we
then obtain . )

mY~ KkmY~ ;

J= O(1) + O(m" ).

1T,y TOM)+0m")

This is what we wanted. O

Let us define I(m,,v) = [["""(m —g)~"g~"dg.
Lemma 30. Assume k,v ¢ {1,2}. As m — oo, we have

m
T — 9] —Kk—2 —v 2.
(m. %, v) V—1+ v—2 + k—1 + Kk—2 +0(m tm )
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Proof. We consider the change of variable g = mh. Observe that

1-n/m
I(m,k,v) =m! """ / (1 —h)""h~"dh

1-n/m
Y KhVdh + / (1= h)""h~"dh
1/2

1/2
) ”dh+/ W1 — h)~vdh
l/m n

1/2
l/m
1/2
/m
m =Y (J(m, K, v) + J(m/n, v, K))
m—r km 1 771 Ko~V Z/nQ—Iim—l/—l

_ —Kk—2 —v—2
_1/—1Jr v—2 + Kk—1 + K—2 +0(m tm )

which concludes the proof. O

E.2 Proving Theorem

Lemma 31. Assume b< 8 —1 and c <y — 1. We have the following equality:
—1
aEa[G¢"] = (v — 1)B€1—bnﬁlj(m’ﬁ —1-0b,7v—¢)
v—1 5—1
0’ (m
—1—cpf—-1-0

Note that this is equal to P[M > mg] for c =b=0.

+ 1+c7ﬂ/‘

—n)

Proof. We separate the integration into aE,[G¢¢?] = A+ B, where A takes care of the case g < m—1,
and B focuses on g > m — 1. We then have

m—n oo
A=(y—1)(5— L)pf! / / B dagtdg
m—g

g=1
o B 5.1 m—n er—ﬁ]“ oy
(y=1@B—-1)n /g:1 5 migg dg
= (= D)2, 8= 1 by — )

Adding A and B yields the lemma. O

41



Lemma 32. Assumeb < f—1 and c < y—1. We then have the following asymptotic approximation:

- 1 ﬁ -1 nbml-i—c—’y + nﬁ—lml-i-b—ﬁ

Ea ceby
G y=1—=cB—-1-b mt=7+npb-tml-B

Proof. This is derived from the two previous lemmas. Note in particular that only the leading term
of I(m, —1 — b,y — c) is nonnegligible compared to m*=# + me7. O

Note that we will need a more sophisticated approximation ratio for the case v — 3 > 1. In this
case, the approximation of the denominator can be slightly simplified, which yields

-1 p-1 =DB-1 _ -

E, [Geel] =1 1-— ! 2

o|GE ’7—1—65—1—b< =2 m~ 4+ 0(m™7)
4 <n1+b—ﬁm1+c—(7—ﬁ) (1 4 e — )yme=(H)

e DL o))

Proof of Theorem[5 To derive simpler forms of these asymptotic approximations, we are going
to need to distinguish numerous cases, depending on the value of v — 5. The different cases are
{(_007 _2)7 (_27 _1)7 (_17 0)7 (07 1)7 (17 2)7 (27 +OO)}

We have the following approximations:

I—y if v —

o { e 1255 g
=y, ify—B8<0

Eo|G] ~{ I Pm!=0A) ity — B e (0,1) (6)
g% ify—p>1
%n, ify—pg< -1

Eolé] ~Q G0 Im! T8 iy — B e (<1,0) (7)
B%m, ify—8>0
[ %mz, ify—p8<0

EolG?] ~ ¢ 2= Pm2 078 if y — B € (0,2) (8)
1=, ify—p8>2
573772’ ifv—p8< -2

Eol€?] ~§ G507 'm*8, if g — B e (-2,0) (9)
%mQ, ify—p5>0

L_I'B—:lnm, ify—p5<0
EalGE] ~ { Wﬁﬁﬁ_ém, ity—-—p5>0 (10)

In the case v — 8 > 1, we are going to need the following more precise approximations, derived
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from Equation [l This yields

1 C1y—1
Ealt] = 55— §g = + (1),
y-15-1 (v-1? pB-1

7—28-2" (7-2)(y-3) B2

Eq [Gﬁ] =

+ o(1),

B, = { 72T Pm 0, ity = p e (2,3)
: 5t Gt olm™h, ify-8>3
Lt PmA=0-9 £ 12 4 o(1),  ify— B E(2,3)
Eo[G2 ={ 15+ ' Pm= 0P 4 O(m™Y), ify— B e (3,4)
Sh aosnnn tom ), ity =8>3
As a result we have:
-1 .
o™ iy —f<0
Vara(G) ~ | 3t mi-0-9, ity ge 0.2
1 .
CEAHeEE ify=F>2
B-1 -
[ morey ify-f<-2
Vara(§) ~ 4 gsn’'m* 78, if y - g € (=2,0)
B-1 i
mmz, ify—p5>0
o(m), ify—p<-1
Cova (G, €) —2 B im A iy — B e (—1,0)
ova (G, _z— T:;nkﬁm?f(va@)’ if y — 8 €(0,1)
o(m), ify—-p5>1
This results in:
R L Hy-p<0
Cova(G, M) ~ (1%1 = 15555 ) 0 T PmE 0B ity — 5 e (0,2)
(v=1)(1+(8=1)(v+8-3)) i
R CE e T fy=F>2.
v—1 2

L ify—B<0
Varg(M) ~ (7*252_(3*3) ) '7_ B ;
ForE ™, iy =F>0.

Finally, we obtain

17 1f’7—6<0
Pa ~ { —C’n%nf%, if v—p€(0,2),
—Dm™1, ify—p8>2.
where
a oy (y—1B8-1 -1\ [(v=3)(B-3
=@ 2)<7—2B—2 7—3) (7—1)(B—1)>0’
1+ (B -D(y+B-=3) [(v=1)(B-3)
b= =3 G-3E-1) "



It is clear that D is positive. To verify this for C, note that for v > 3+ 1, the function v — Z—:%

is decreasing for v > 2, and thus 7—:;% > =122 — 221 Replacing m by its approximation

y—2v-3 ~y=3"
derived from Equation [5] replacing n by its expression in terms of 3, v and ¢, and fitting the extra
B and ~ terms into the constants then yields the theorem. O

F Uniform goal, log-normal noise

We ran computations using the functions special.erf and integrate.quad of python, by noting that
Pl¢ >m —g] =P[In& > In(m — g)] = 1 — Jerf (W) But the results seemed sometimes noisy,
because of computational approximations of very small numbers. We tested their robustness by
also computing discrete approximations of the integrals, which boils down to the case where G is a
uniform distribution over a finite set and equally spaced points in [0, 1]. The results were similar.

We also analyzed the curves obtained for other values of e. For smaller values of ¢, like e = 1/16
in Figure [§]and [0} the curves obtained still featured a double descent-like phenomenon, though not
quite. Indeed, the goal increased, but instead of going then down, it only slowed down its increase.
Eventually, the increase was rapid again.

1.0 T T T T 1.0

09+ R 09+

IS
3
IS
o

E[G|M>m]
E[G|M>m_alpha]

o
~
o
~

0.6+ R 0.6

0.5 1.0 15 2.0 25 3.0 "o 10 20 30 40 50 60 70
Threshold m log2(1/alpha)

Figure 8: As « decreases, the measure threshold m, increases. The figure illustrates this phe-
nomenon as a function of the measure threshold (on the left) and as a function of logy(1/«) (on
the right). The parameters were set at ¢ = 1/16.

This observation with the fact that for small values of ¢, the log-normal distributions become
more similar to the normal distribution.

For larger values of &, the double descent phenomenon seems more pronounced, though our
observations seem limited by approximation errors of the computations. We provide below the
graphs for € = 1/2, using the function integrate.quad, and the by discretizing the values of G.

G Worst-case Goodhart

Proof. To prove this worrying result, we obviously need a goal that can take arbitrarily bad values.
We shall assume that G takes negative values only, and has a probability density function p©(g) = €9
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Figure 9: A zooming-in of Figure
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Figure 10: As « decreases, the measure threshold m, increases. The figure illustrates this phe-
nomenon as a function of the measure threshold (on the left) and as a function of logy(1/a) (on
the right). The parameters were set at ¢ = 1/2.

for all g < 0.

Now, the trick to derive the Theorem is to consider a power law noise £ whose tail is thicker
for large negative values of g. More precisely, we shall consider that pg (x]g) = (Bg — 1)7759 b,
where B, = 4 + flg. Unfortunately, such a distribution does not have zero mean. We correct this
by adding a mass distribution d,, on some point x4y < 0. The density of § given G = g will then be
given by pf(zlg) = 30, + pj(x[g)-

We can then fit z, and 7, to guarantee zero mean and 2 variance for any value of g without
affecting the tail distribution, by choosing

2¢2 2(B, — 1
77;: € and 7, = — (Bg — L)1y

Bo=1\* | By—1 By —2
(5=) + 5= !
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Figure 11: Double descent for ¢ = 1/2, assuming a uniform distribution of G on the finite set
{(k—-1)/(n —1)|k € [n]}, for n = 10, 000.

We note that 4 < 8, < 5. As a result, we have ¢/2 < n, < 25/\/5 < e. Thus, for m > ¢, we
have

1 g 31t
S 2\m—yg ’

Using the bounds above, we observe that

£\3+15 3 _3 Inm
P(m,g) < (—) <e’m Yexp | — .
m 1—g

Moreover, for g > —m, we have

4

e N3+t _ et Inm
P(m,g) > (—) > _—_m3 — :
(m.9) = (3m L

We can now upper-bound the value of G assuming M > m, which yields

B I P(m,g)e?gdg _ I P(m,g)edgdg
[° P(m,g)esdg ~ [°_ P(m,g)esdg
& Jo exp(=T{ — h)hdh

T 256 [ exp(—mm — n)dh

E[G|M = m]

To simplify notation, let us denote £ = v/ Inm. We then write the integral in the denominator as

/Oooexp <_1i-2h —h> dh = I(m) + J(m) + K(m),
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where I(m) is the integral from 0 to g — 1, J(m) is the one from é — 1 to 5¢, and K(m) is the
one from 5¢ to infinity. Intuitively, I(m) and K (m) will be negligible, so that we can only focus on

J(m). To prove this formally, we use basic bounds:

I(m) < /O _1exp (—5/25> dh < (ﬁ — 1) e 5t

20
J(m) > / exp (—2¢ — 20) dh > 86_46,
V4

[SHEN

/2—1
[o.¢]
K(m) < / exp(—h)dh = e~
5¢
In particular, we see that % < e * <1. Combining it all, we see that
5¢ 02
_,exp(—7— — h)hdh
E[GIM = m] < ifm 1 it

= 256 I(m)+J(m)+ K(m)
e (¢/5-1)J(m)
= 256 I(m) + J(m) + K(m)
€ 1

< _ N S
< 956/ ”HW
< —Q(evinm).

As we take the limit o — 0, we have m, — oo, which then implies E,[G] = E[G|M = m,| —

—0Q.
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